Sum-Free Subsets of Right Cancellative Semigroups  by Łuczak, Tomasz & Schoen, Tomasz
doi:10.1006/eujc.2001.0520
Available online at http://www.idealibrary.com on
Europ. J. Combinatorics (2001) 22, 999–1002
Sum-Free Subsets of Right Cancellative Semigroups
TOMASZ ŁUCZAK AND TOMASZ SCHOEN
For a natural number k ≥ 2 let ρ = ρ(k) be the smallest natural number which does not divide
k − 1. We show that for any subset A of a right cancellative semigroup S which contains no solutions
of the equation x1 + · · · + xk = y there is an element s in S such that the sets
A, A + s, . . . , A + (ρ − 1)s
are pairwise disjoint. In particular, if S is finite, such a set A has at most |S|/ρ elements. This estimate
is sharp.
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INTRODUCTION
Let S be a semigroup with operation ‘+’ (note that although we do not assume that S is
commutative we use the additive notation to make formulae more transparent). A subset B of
S is k-sum-free for some natural k ≥ 2 if B contains no solutions of the equation
x1 + x2 + · · · + xk = y.
Most of the papers dealing with the size, the number, and the structure of k-sum-free subsets
study the subsets of commutative groups. Here, we estimate the maximum size of a k-sum-
free set of a semigroup S, provided only S is right cancellative; i.e., for every a, b, c ∈ S the
fact that a + c = b + c implies a = b. Note that if S is right cancellative and a ∈ S, A ⊆ S,
then the sets A and A + a are of the same cardinality.
Set
ρ = ρ(k) = min{i ∈ N : i 6 | (k − 1)}. (1)
In [3] it was shown that any k-sum-free subset of the natural numbers has the upper density
at most 1/ρ, as conjectured by Calkin and Erdo˝s [1]. Here we use an entirely different ar-
gument to prove that an analogous result remains true also for right cancellative semigroups.
THEOREM. Let A be a k-sum-free subset of a right cancellative semigroup S and let ρ =
ρ(k) be defined as in (1). Then there exists s ∈ S such that the sets
A, A + s, . . . , A + (ρ − 1)s
are pairwise disjoint. In particular, if S is finite, then |A| ≤ |S|/ρ.
Let us remark that the subset A = {1} is a k-sum-free subset of the group Zρ(k), so our
estimate is, in a way, best possible. Furthermore, obviously, the assumption that S is right
cancellative cannot be omitted. Indeed, any set S with the operation ‘◦’ on S defined by
s ◦ s′ = e, where e is a fixed element of S, is a semigroup. However, in such a semigroup the
subset S \ {e} is k-sum-free.
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PROOF OF MAIN RESULT
Before we present the proof of the Theorem we comment briefly on the behaviour of the
function ρ. The prime number theorem implies that ρ ≤ (1 + o(1)) ln k. An explicit upper
bound for ρ was obtained by Lev [2], who showed that
ρ ≤ 2 log2 k + 2. (2)
The main part of our proof of the Theorem shows that the assertion holds for all k for which
k ≥ max{(ρ − 1)2, (ρ − 1)(2ρ − 4)} + 1. Using the inequality (2) and examining all small
values of k one can check that k = 3, 7, 13 are the only cases for which either k < (ρ−1)2+1
or k < (ρ − 1)(2ρ − 4)+ 1. We handle them separately.
Let us introduce some notation. If x ∈ S then 2x = x+ x and (n+1)x = nx+ x for n ≥ 2.
For a given A ⊆ S and x ∈ S by ind(x) = indA(x) we denote the set of all natural numbers
t ≥ 2 such that x = x1 + · · · + xt for some x1, . . . , xt ∈ A. Furthermore, we set
ind(A) =
⋃
x∈A
ind(x).
PROOF OF THEOREM. Note that if {2, . . . , ρ} ∩ ind(A) = ∅, then for every x ∈ S the sets
A, A + x, . . . , A + (ρ − 1)x,
are pairwise disjoint and the result follows. Thus, we assume that {2, . . . , ρ} ∩ ind(A) 6= ∅.
We first show the assertion for k ≥ max{(ρ− 1)2, (ρ− 1)(2ρ− 4)}+ 1; then we consider the
remaining cases k = 3, 7, 13.
Let d + 1 ∈ {2, . . . , ρ} ∩ ind(A) and let x0, x1, . . . , xd+1 ∈ A be such that x0 = x1+ · · · +
xd+1. Put ` = dd(ρ − 1)/de and consider the sets
A, A + `x0, A + 2`x0, . . . , A + (ρ − 1)`x0.
If the above sets are pairwise disjoint we are done. Thus we assume that for some r ∈
{1, 2, . . . , ρ − 1} we have A ∩ (A + r`x0) 6= ∅. Then, there are elements y, z0 ∈ A with
z0 = y + r`x0. Hence
z0 = y + (r`− j)x0 + j (x1 + · · · + xd+1) (3)
for every j ∈ {1, 2, . . . , r`}, and so the arithmetic progression
r`+ 1, r`+ d + 1, . . . , r`+ r`d + 1,
i.e.
d(rd(ρ − 1)/de)+ 1, . . . , d(rd(ρ − 1)/de + r`)+ 1, (4)
is contained in ind(z0). Observe that the lower bound we put on k implies that the first element
of this progression is not larger than k. Indeed, if d = ρ − 1, then
d
(
r
⌈
ρ − 1
d
⌉)
+ 1 = r(ρ − 1)+ 1 ≤ (ρ − 1)2 + 1 ≤ k,
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and for d ≤ ρ − 2 we have
d
(
r
⌈
ρ − 1
d
⌉)
+ 1 ≤ dr ρ + d − 2
d
+ 1 ≤ (ρ − 1)(2ρ − 4)+ 1 ≤ k.
Note also that from the definition of ρ it follows that k = dm + 1 for some m ∈ N, while
the fact that z0 ∈ A and A is k-sum-free implies that k /∈ ind(z0). Hence, all the terms of the
arithmetic progression (4) are smaller than k.
Now let B be the set of all elements x of A such that for some natural number ax < (k−1)/d
dax + 1, d(ax + 1)+ 1, . . . , d(ax + ρ − 1)+ 1 ∈ ind(x)
but d(ax +ρ)+1 /∈ ind(x). Since r`+1 ≤ k, ` ≥ ρ−1, and k = dm+1 /∈ ind(z0), from (4)
it follows that z0 ∈ B, and so the set B is non-empty. Let w be an element of B such that
aw = max{ax : x ∈ B}.
Then, since k = dm + 1 /∈ ind(w),
d(aw + ρ − 1) < k. (5)
If the sets
A, A + dw, . . . , A + d(ρ − 1)w
are pairwise disjoint, then the assertion follows, so let us assume that there is t ∈ {1, 2, . . . , ρ−
1} such that A ∩ (A + tdw) 6= ∅. Thus, for some u, v ∈ A, we have v = u + tdw =
u + (td − 1)w + w and
d(aw + t)+ 1, . . . , d(aw + t + ρ − 1)+ 1 ∈ ind(v). (6)
Since from (5) we obtain
d(aw + t)+ 1 ≤ d(aw + ρ − 1)+ 1 ≤ k
and k /∈ ind(v), all the terms of the arithmetic progression (6) are smaller than k. Conse-
quently, v ∈ B. Note however that
av ≥ aw + t > aw
which contradicts the choice of w. This completes the proof of the case k ≥ max{(ρ −
1)2, (ρ − 1)(2ρ − 4)} + 1.
Now we deal with the remaining three cases k = 3, 7, 13.
Case 1. k = 3, ρ = 3.
If 2 ∈ ind(x) for some x ∈ A, then the sets A, A + x, A + 2x are pairwise disjoint and we
are done. If 2 /∈ ind(A), then for any y ∈ A the sets A, A + y, A + 2y are pairwise disjoint
and the assertion follows.
Case 2. k = 7, ρ = 4.
If 3 ∈ ind(x) for some x ∈ A, then the sets
A, A + 2x, A + 4x, A + 6x,
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are pairwise disjoint and the assertion follows. The above four sets are pairwise disjoint also
when 3 /∈ ind(A) but 2 ∈ ind(x). Furthermore, if 2, 3 /∈ ind(A) but 4 ∈ ind(x), then the sets
A, A + x, A + 2x, A + 3x,
are pairwise disjoint.
Case 3. k = 13, ρ = 5.
If 4 ∈ ind(x) for x ∈ A, then the sets
A, A + 3x, A + 6x, A + 9x, A + 12x
are pairwise disjoint. They are pairwise disjoint also in the case in which 4 /∈ ind(A) but
2 ∈ ind(x).
Let 3 ∈ ind(A). Choose y ∈ A such that ind(y) contains the maximum number of the
first terms of the arithmetic progression 3, 5, 7, 9, 11. Then, by the choice of y, we have
A ∩ (A + 2y) = ∅ and so the sets
A, A + 2y, A + 4y, A + 6y, A + 8y
are pairwise disjoint.
Finally, if 5 ∈ ind(z), z ∈ A, and 2, 3, 4 /∈ ind(A), then the sets
A, A + z, A + 2z, A + 3z, A + 4z.
are pairwise disjoint. This observation concludes the proof of Case 3 and the Theorem. 2
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